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Abstract
Let X, Y be compact Hausdorff spaces and let E, F be both Banach lattices and Riesz algebras. In this
paper, the following main result shall be proved: If F has no zero-divisor and there exists a Riesz algebraic
isomorphism Φ :C(X,E) → C(Y,F ) such that Φ(f ) has no zero if f has none, then X is homeomorphic
to Y and E is Riesz algebraically isomorphic to F .
 2005 Elsevier Inc. All rights reserved.
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1. Introduction
A Riesz space L (which is always Archimedean in this paper) is called a Riesz algebra if there
exists an associative multiplication in L with the usual algebraic property that u,v ∈ L+ implies
uv ∈ L+. Let X and Y be compact Hausdorff spaces, E and F be both Banach lattices and Riesz
algebras. Let C(X,E) denote the space of all continuous functions from X into E endowed with
the pointwise order, i.e.,
f  g ⇔ f (x) g(x) for all x ∈ X.
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‖f ‖ = sup{∥∥f (x)∥∥: x ∈ X}.
Obviously, C(X,E) with this norm is a Banach lattice. Moreover, for each pair f,g ∈ C(X,E),
define fg ∈ C(X,E) by the pointwise multiplication, i.e., fg(x) = f (x)g(x) for all x ∈ X. Then
C(X,E) with this multiplication is a Riesz algebra. For f ∈ C(X,E), the function f is said to
have no zero if f (x) = 0 for every x ∈ X. A non-zero element a ∈ F is called a left zero-divisor
(respectively right zero-divisor) if ab = 0 (respectively ba = 0) for some b = 0 in F . Then F is
said to have no zero-divisor if it has neither left nor right zero-divisors.
The classical Banach–Stone theorem says that if the spaces of the real-valued continuous func-
tions C(X) and C(Y ) are linearly isometric then X and Y are homeomorphic. The conclusion is
still valid if C(X) and C(Y ) are algebraically isomorphic or Riesz isomorphic [3]. If we weaken
the compactness of X and Y to realcompactness, then C(X) and C(Y ) being algebraically iso-
morphic or Riesz isomorphic implies that X and Y are homeomorphic [4,6,9]. Furthermore, if
we weaken the algebraic isomorphism or Riesz isomorphism to the biseparating map, the au-
thors in [1] proved that if there exists a biseparating map T from C(X) onto C(Y ) then υX is
homeomorphic to υY (where υX and υY are respectively the realcompactification of completely
regular spaces X and Y ). Recall (see [1,5]) that a linear map H :C(X,E) → C(Y,F ) is called
separating if f (x)g(x) = 0 for all x ∈ X implies Hf (y)Hg(y) = 0 for all y ∈ Y . A linear bijec-
tive map H :C(X,E) → C(Y,F ) is called biseparating if both H and H−1 are separating. One
version of the vector-valued Banach–Stone theorem given in [5] is the following:
Theorem 1.1 [5]. For compact Hausdorff spaces X,Y and Banach spaces E,F , a linear isom-
etry H :C(X,E) → C(Y,F ) is a strong Banach–Stone map (i.e., there exist a homeomorphism
g :Y → X and a map J :Y → L(E,F ) such that Jy is an isometry and Hf (y) = Jy[f (g(y))]
for each y in Y and each f in C(X,E)) if and only if H is biseparating.
In a more recent joint paper, the second and the third authors of this paper have obtained the
following lattice-valued Banach–Stone theorem.
Theorem 1.2 [2]. For compact Hausdorff spaces X,Y and a Banach lattice E, if there exists a
Riesz isomorphism Φ :C(X,E) → C(Y,R) such that Φ(f ) has no zero if f has none, then X is
homeomorphic to Y and E is Riesz isomorphic to R.
This paper is motivated by the following two problems. First, since there is no algebraic struc-
ture defined in a general Banach space, it is meaningless to talk about the notion of biseparating
maps in Theorem 1.1. Second, it is impossible to extend R in Theorem 1.2 to a general Banach
lattice F without extra conditions. Both these two problems suggest that more structures are
needed in order to obtain a general vector (or lattice) version of the Banach–Stone theorem.
Throughout this paper, X and Y are always compact Hausdorff spaces, and E, F are al-
ways both Banach lattices and Riesz algebras. We first prove that if F has no zero-divisor and
Φ :C(X,E) → F is a non-trivial Riesz algebraic homomorphism, then Φ has a unique support.
In Section 3, by using a method similar to that in [2], we show that if F has no zero-divisor and
there is a Riesz algebraic isomorphism Φ :C(X,E) → C(Y,F ) such that Φ(f ) has no zero if f
has none, then X is homeomorphic to Y and E is Riesz algebraically isomorphic to F . Also, an
example is given to show that this conclusion fails if either F has a zero-divisor or f has no zero
but Φ(f ) has a zero. Finally, by using the same example, we point out some mistakes in [5]. For
unmentioned basic facts and terminology, refer to [3,7,10].
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Let X, Y be two compact Hausdorff spaces and let E, F be both Banach lattices and Riesz
algebras. The constant function 1X on X is defined by 1X(x) = 1 for all x ∈ X. For any h ∈ C(X)
and any u ∈ E, let h ⊗ u ∈ C(X,E) be defined by (h ⊗ u)(x) = h(x)u for each x ∈ X.
The definition of a support was introduced in [5] for a separating map, and in [2] for a Riesz
homomorphism. Similarly, we have the following definition of a support for a Riesz algebraic
homomorphism.
Definition 2.1. Let X, Y be compact Hausdorff spaces, and let E, F be both Banach lattices and
Riesz algebras. An element a in X is said to be a support for a Riesz algebra homomorphism
Φ :C(X,E) → F if Φ(f ) = Φ(1X ⊗ f (a)) for all f ∈ C(X,E).
Theorem 2.2. Let X be compact Hausdorff, and let E, F be both Banach lattices and Riesz
algebras. If F has no zero-divisor and Φ :C(X,E) → F is a non-trivial Riesz algebraic homo-
morphism, then Φ has a unique support.
Proof. For this Riesz algebraic homomorphism Φ :C(X,E) → F , let
A = {a ∈ X: Φ(f ) = Φ(1X ⊗ f (a)) for all f ∈ C(X,E)}.
It is clear that each element in A is a support for the Riesz algebraic homomorphism Φ . We shall
show that A is a singleton.
First, suppose that A = ∅. Then for every point a ∈ X there exists an fa ∈ C(X,E) such
that Φ(fa) = Φ(1X ⊗ fa(a)). Let ga = |fa − 1X ⊗ fa(a)|. Then ga ∈ C(X,E), ga(a) = 0
and Φ(ga) > 0. Since Φ is a positive operator between two Banach lattices C(X,E) and F ,
by [8, Proposition 1.3.5], Φ is norm-continuous. Thus, there exists an  > 0 such that the
open ball B(ga, ) ⊆ C(X,E) \ Φ−1(0). Since the function x 
→ ‖ga(x)‖ is continuous on
X and ‖ga(a)‖ = 0, there are open neighborhoods Ua and Va of a such that a ∈ clUa ⊆ Va
and ‖ga(x)‖ < /2 for all x ∈ Va . By Urysohn’s lemma, there exists a continuous function
ha :X → [0,1] such that ha(clUa) = {0} and ha(X \ Va) = {1}. Define haga ∈ C(X,E) by
letting (haga)(x) = ha(x)ga(x) for all x ∈ X. It follows from
‖ga − haga‖ = sup
x∈X
∥∥ga(x) − (haga)(x)∥∥= sup
x∈Va
∥∥ga(x) − (haga)(x)∥∥ /2
that haga ∈ B(ga, ), and hence Φ(haga) > 0. By the compactness of X, the open cover {Ua:
a ∈ X} of X has a finite subcover {Ua1 ,Ua2, . . . ,Uan}. Let
hg = (ha1ga1)(ha2ga2) · · · (hangan).
Then hg ≡ 0 on X. But, Φ(hai gai ) > 0 for each i = 1,2, . . . , n, and F has no zero-divisor, which
implies that
Φ(hg) = Φ(ha1ga1)Φ(ha2ga2) · · ·Φ(hangan) = 0.
A contradiction occurs. Therefore, we deduce A = ∅.
Next we show that A contains exactly one element. Suppose that A contains at least two
distinct points. Let a1, a2 ∈ A with a1 = a2. Then there exist closed neighborhoods Vi of ai and
open neighborhoods Ui of ai (i = 1,2) such that Vi ⊆ Ui (i = 1,2) and U1 ∩U2 = ∅. Again, by
Urysohn’s lemma, for each i = 1,2 there exists a continuous function fi :X → [0,1] such that
fi(Vi) = {0} and fi(X \ Ui) = {1}.
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u = 0 and Φ(1X ⊗ u) = 0. Observe that (fi ⊗ u)(Vi) = {0} (i = 1,2). Then Φ(fi ⊗ u) =
Φ(1X ⊗(fi ⊗u)(ai)) = 0 (i = 1,2). It follows from f1 ∨f2 = 1X that Φ(1X ⊗u) = Φ(f1 ⊗u)∨
Φ(f2 ⊗ u) = 0, which is also a contradiction. Hence, we have shown that Φ has a unique sup-
port. 
3. A Banach–Stone theorem
In this section, by applying a method similar to that in [2], we shall establish a Banach–Stone
theorem for Riesz algebras. Let X, Y be compact Hausdorff spaces, and let E, F be both Banach
lattices and Riesz algebras. For each y ∈ Y , let yˆ :C(Y,F ) → F be the evaluation map defined
by yˆ(g) = g(y) for all g ∈ C(Y,F ). It is easy to see that if Φ :C(X,E) → C(Y,F ) is a Riesz
algebraic homomorphism, then for each y ∈ Y , yˆ ◦ Φ :C(X,E) → F is also a Riesz algebraic
homomorphism. For each u ∈ E, let
Φˆ(y)(u) = yˆ ◦Φ(1X ⊗ u).
Then Φˆ(y) is a linear operator from E into F for any y ∈ Y . If Φ :C(X,E) → C(Y,F ) is a
Riesz algebraic homomorphism such that Φ(f ) has no zero if f has none, then yˆ ◦Φ is a Riesz
algebraic homomorphism from C(X,E) into F for any y ∈ Y such that yˆ ◦ Φ(1X ⊗ e) = 0 for
all e = 0. Furthermore, if F has no zero-divisor, then it follows from Theorem 2.2 that for each
y ∈ Y , yˆ ◦Φ has a unique support xy ∈ X such that
yˆ ◦Φ(f ) = yˆ ◦ Φ(1X ⊗ f (xy))
for all f ∈ C(X,E). In this case, we have the following definition.
Definition 3.1. Let X, Y and Φ be the same as above. Assume that F has no zero-divisor. The
map φ :Y → X defined by φ(y) = xy for each y ∈ Y (where xy is the unique support of yˆ ◦Φ)
is called the associate map of Φ .
Lemma 3.2. Let X, Y be compact Hausdorff spaces, and let E, F be both Banach lattices
and Riesz algebras. If F has no zero-divisor and Φ :C(X,E) → C(Y,F ) is a surjective Riesz
algebraic homomorphism such that Φ(f ) has no zero if f has none. Then Φˆ(y) is a Riesz
algebraic isomorphism of E onto F for each y ∈ Y .
Proof. Let y ∈ Y . It is obvious that Φˆ(y) :E → F is a Riesz algebraic homomorphism. Thus, we
only need to prove that Φˆ(y) is bijective. To do this, select any point w ∈ E with w = 0. Since
Φˆ(y)(w) = Φ(1X ⊗ w)(y) = 0, then Φˆ(y) is injective. Now, let v ∈ F . Since Φ is surjective,
then there exists an f ∈ C(X,E) such that Φ(f ) = v1Y . Let u = f ◦ φ(y). It follows that
Φˆ(y)(u) = yˆ ◦Φ(1X ⊗ u) = yˆ ◦ Φ(f ) = v,
which implies that Φˆ(y) is surjective. 
Lemma 3.3. Let X, Y be compact Hausdorff spaces, and let E, F be both Banach lattices
and Riesz algebras. If F has no zero-divisor and Φ :C(X,E) → C(Y,F ) is a surjective Riesz
algebraic homomorphism such that Φ(f ) has no zero if f has none, then the associate map
φ :Y → X of Φ is continuous.
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uous function h :X → [0,1] satisfying
h
(
φ(y0)
)= 1 and h(X \ U) = {0}.
Choose u ∈ E such that u = 0. Then (1X ⊗ u)(x) = 0 for every x ∈ X. By hypothesis,
Φ(1X ⊗ u)(y0) = 0. Let g = Φ(h ⊗ u). Then
g(y0) = Φ(h ⊗ u)(y0) = yˆ0 ◦Φ(1X ⊗ u) = 0.
Let V = {y ∈ Y : ‖g(y)‖ > 0}. Then V ⊆ Y is an open subset and y0 ∈ V . Next, we show V ⊆
φ−1(U). Suppose y /∈ φ−1(U). Then φ(y) /∈ U , and so h(φ(y)) = 0. We have
g(y) = Φ(h ⊗ u)(y) = yˆ ◦Φ(1X ⊗ ((h ⊗ u) ◦ φ(y)))= 0.
This implies that y /∈ V . Therefore, φ is continuous. 
Now, we are ready to present the main theorem of this paper.
Theorem 3.4. Let X, Y be compact Hausdorff spaces, and let E, F be both Banach lattices
and Riesz algebras. If F has no zero-divisor and Φ :C(X,E) → C(Y,F ) is a Riesz algebraic
isomorphism such that Φ(f ) has no zero if f has none, then X and Y are homeomorphic, E and
F are Riesz algebraically isomorphic. More precisely, for any y ∈ Y , Φˆ(y) is a Riesz algebraic
isomorphism from E onto F and the associate map φ of Φ is a homeomorphism from Y onto X.
Proof. By Lemma 3.2, for any y ∈ Y , Φˆ(y) is a Riesz algebraic isomorphism from E onto F .
Let φ :Y → X be the associate map of Φ . We first show that φ is surjective. If there is some
x0 ∈ X such that φ(y) = x0 for all y ∈ Y , then for each y ∈ Y , there exists an open neighborhood
Uy of φ(y) such that x0 /∈ clUy . By Lemma 3.3, φ is continuous, thus {φ−1(Uy): y ∈ Y } is an
open cover of Y . By the compactness of the space Y , there is a finite subset {y1, y2, . . . , yn} of
Y such that Y =⋃ni=1 φ−1(Uyi ). Since x0 /∈ clUyi , there is a continuous function fi :X → [0,1]
satisfying fi(x0) = 1 and fi(clUyi ) = {0} (1  i  n). Let f =
∧n
i=1 fi . Then f (clUyi ) = {0}
for each 1 i  n and f (x0) = 1. Take u ∈ E with u = 0 and let h = f ⊗u. Now consider Φ(h).
For any y ∈ Y , φ(y) ∈ Uyi for some 1 i  n. Then
Φ(h)(y) = yˆ ◦Φ(h) = yˆ ◦Φ(1X ⊗ h ◦ φ(y))= Φˆ(y)(h ◦ φ(y))= Φˆ(y)(0) = 0.
Thus, Φ(h) = 0. Since Φ is an isomorphism, h ≡ 0. But h(x0) = u = 0, which is a contradiction.
Next we show that Φ−1(g) has no zero if g has none. Assume that g ∈ C(Y,F ) has no zero,
but f = Φ−1(g) has a zero. Then there is some point x0 ∈ X such that f (x0) = 0. Since φ is
surjective, we can take y0 ∈ Y with φ(y0) = x0. It follows that
g(y0) = Φ(f )(y0) = Φˆ(y0)
(
f ◦ φ(y0)
)= 0.
However, g(y0) = 0, since g has no zero. This also leads to a contradiction.
Let ψ :X → Y be the associate map of Φ−1. To complete the proof, it suffices to show that
IX = φ ◦ψ and IY = ψ ◦φ, where IX , IY are the identity maps on X and Y , respectively. Suppose
that there exists some point z ∈ X with z = φ ◦ ψ(z). Then there exists a function f ∈ C(X,E)
such that f (z) = 0 and f (φ ◦ψ(z)) = 0. Then
Φ̂−1(z) ◦ Φˆ(ψ(z))(f (φ ◦ψ(z)))= Φ−1(Φ(f ))(z) = f (z) = 0.
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f (φ ◦ψ(z)) = 0. Then, we have
Φ̂−1(z) ◦ Φˆ(ψ(z))(f (φ ◦ψ(z))) = 0,
which is a contradiction. Similarly, we can show IY = ψ ◦ φ. Thus the associate map φ of Φ is
a homeomorphism from Y onto X. 
The following example (similar to [5, Example 4.2]) shows that for a Riesz algebraic isomor-
phism Φ :C(X,E) → C(Y,F ), X and Y may not be homeomorphic if either F has a zero-divisor
or f has no zero but Φ(f ) has zero.
Example 3.5. Let X = {0}, E = R2 with sup norm and the product of two vectors (a, b) and
(c, d) in E be defined by (a, b)(c, d) = (ac, bd) , Y = {0,1} equipped the discrete topology and
F =R. Then C(X,R2) is both Riesz algebraically and isometrically isomorphic to R2. Define
a surjection Φ :C(X,R2) → C(Y,R) by
Φ(a,b)(y) =
{
a, if y = 0,
b, if y = 1,
for all (a, b) ∈R2. It is obvious that Φ is a linear isometry. Obviously, Φ is a Riesz isomorphism.
Since for any (a, b) and (c, d) in C(X,E),
Φ
[
(a, b)(c, d)
]
(y) =
{
ac, if y = 0,
bd, if y = 1, = Φ(a,b)(y)Φ(c, d)(y) =
[
Φ(a,b)Φ(c, d)
]
(y),
then Φ is a Riesz algebraic isomorphism. Note that (a,0) is not a zero element whenever a = 0,
but Φ(a,0) has a zero. Thus, Φ does not satisfy the condition of Theorem 3.4. On the other
hand, Φ−1 :C(Y,F ) → C(X,E) is also a Riesz algebraic isomorphism. For any f ∈ C(Y,F ),
Φ−1(f ) = (f (0), f (1)). For any a = 0 and d = 0, both (a,0) and (0, d) are not zero elements.
But the product (a,0)(0, d) = (0,0). Therefore, Φ−1 does not satisfy the condition of Theo-
rem 3.4 either. Finally, it is evident that X and Y are not homeomorphic, E and F are not Riesz
algebraically isomorphic.
Remark 3.6. Note that X, Y , E and F in Example 3.5 are the same as in [5, Example 4.2].
From Example 3.5, we can see that [5, Example 4.2] as well as [5, Theorem 4.1] are not correct.
That is, the Riesz algebraic isomorphism Φ , which is also a linear isometry, is biseparating, but
X and Y are not homeomorphic. In fact, for any (a, b) and (c, d) in C(X,E), if the product
(a, b)(c, d) = (ac, bd) = 0, then
Φ(a,b)Φ(c, d)(y) = Φ(a,b)(y)Φ(c, d)(y) =
{
ac = 0, if y = 0,
bd = 0, if y = 1.
Therefore, Φ(a,b)Φ(c, d) = 0. This implies that Φ is separating. On the other hand, for any f
and g in C(Y,F ), there exist unique (a, b) and (c, d) in C(X,E) such that Φ(a,b) = f and
Φ(c, d) = g. If fg = 0, then
ac = Φ(a,b)(0)Φ(c, d)(0) = Φ(a,b)Φ(c, d)(0) = fg(0) = 0,
and similarly bd = fg(1) = 0. Therefore, Φ−1(f )Φ−1(g) = (a, b)(c, d) = (ac, bd) = 0. This
implies that Φ−1 is separating.
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